Dark matter consisting of very light and very weakly interacting particles such as axions, axion-like particles and hidden photons could be detected using reflective surfaces. On such reflectors some of the dark matter particles are converted into photons and, given a suitable geometry, concentrated on the detector. This technique offers sensitivity to the direction of the velocity of the dark matter particles. In this note we investigate how far spherical mirrors can concentrate the generated photons and what this implies for the resolution in directional detection as well as the sensitivity of discovery experiments not aiming for directional resolution. Finally we discuss an improved setup using a combination of a reflecting plane with focussing optics.
Introduction
Our Universe contains five times more dark matter than ordinary matter, and dark matter contributes 27% to the total energy content. Yet its nature still remains unknown. Indeed there is still room for very different hypothesis for what it could be. This is exemplified by the fact that it could be WIMPs [1] , weakly interacting massive particles, with masses of hundreds of GeV or even TeV, or it could be WISPs [2] , (very) weakly interacting slim particles, with masses in the eV range or even many orders of magnitude lighter than that (see, e.g. [3] for a review). Consequently to detect dark matter we must look in very different direction, using a wide variety of techniques.
In this note we consider a recently proposed technique [4] for detecting WISPy dark matter particles, in particular axion(-like particle)s and hidden photons using suitably shaped reflecting surfaces. A first experiment has already been performed [5] and a second more sensitive experiment is already under way [6] . The main mechanism (details below) is that reflecting surfaces convert these particles into ordinary photons emitted essentially perpendicular to the surface. Using a spherically shaped reflector the produced photons are concentrated in the centre of the sphere, where they can then be detected.
Importantly the emission of photons is not always exactly perpendicular to the surface. This only holds when the dark matter particles that are converted are at rest with respect to the surface. Dark matter particles moving with a velocity of order v ∼ 10 −3 parallel to the surface are emitted at an angle ∼ v with respect to the normal direction. This can be used for directional detection [7] but it also has important implications for the design of the experiment [7] . In particular, since dark matter particles have a velocity distribution with a width of the order of ∼ 10 −3 the detector needs to have a sufficient size to capture a significant part of the produced photons.
The imaging properties of a spherical mirror are, however, not perfect with respect to making an image of the velocity distribution. The main aim of this note is to quantify the deviations from perfect imaging and determine resulting limitations on the resolution.
In particular, in [7] only the case of a nearly flat mirror of a diameter D much smaller than the curvature radius R, D 2R was considered. In real experiments like [5] and the FUNK experiment [6] this is only a first approximation. In the following we will take the FUNK experiment as our benchmark example. The FUNK mirror has a size of 13 m 2 and a curvature radius of R = 3.4 m. For a spherical mirror 1 of this size one finds
which suggests that sizeable deviations from a mirror with D 2R are possible. This is what we want to quantify.
The note (which is in large parts based on [8] ) is structured as follows. In the following Sect. 2 we recall the conversion of WISPy dark matter moving with a velocity v into photons. Then in Sect. 3 we discuss directional detection with a spherical mirror beyond the limit where the mirror is small compared to the radius of curvature. We also comment on higher order corrections in v. However, we will remain in the limit of geometric optics, i.e. the wavelength must be small compared to the mirror size. In Sect. 4 we investigate a different setup consisting of a plane and a parabolic mirror. We summarize and conclude in Sect. 5.
Photon emission from the conversion of moving dark matter particles
In the following we will assume that the wavelength of the emitted photons is small enough such that diffraction effects can be neglected. This requires that the mass m of the dark matter particles is sufficiently big, 1/m D, where D is the diameter of the mirror. Moreover for simplicity we will focus on the case of hidden photon dark matter [4, 7] . We note, however, that axion-like particles can be detected in a very similar way provided a magnetic field is present at the reflector surface 2 .
Let us briefly recall the basics of hidden photon dark matter [2, 9] and its conversion on a reflecting surface [4, 7] . Hidden photons can kinetically mix [10] (see, e.g. [11] for a review) with the ordinary photon,
where F µν and X µν are the ordinary and hidden photon field strength linked to the gauge fields a µ and X µ , respectively. m 2 X is the mass of the hidden photons and j µ denotes the coupling to matter as in our case the mirror. Typical values for the kinetic mixing parameters in extensions of the Standard Model range from 10 −12 to 10 −3 [10, 12] .
The average density of hidden photons moving with different momenta k is given by,
If hidden photons are all of the dark matter this fixes
Due to the kinetic mixing term the massive (mostly hidden photon) eigenstate couples also to the photon with a coupling proportional to χ. Let us consider a single momentum mode of our dark matter particles corresponding to a plane wave of hidden photons with momentum k 0 . We then have for the effective electric field components,
Here the field E denotes the components coupling to the ordinary charges, and E hid those that couple only to hidden charges, which we assume to be absent in our setup. The size of the electric field is related to the hidden photon amplitude via
2 Indeed the resulting equations are essentially the same, with the replacement, χ → χ eff = gaγγ |B| ma .
Emission from a plane mirror
Let us consider a wave as in Eq. (2.4) impinging on an ideal conducting plane surface (or a mirror). Then the components of the ordinary electric field in the directions parallel to the plane are eliminated by the movement of the electrons. This causes the emission of an ordinary electromagnetic wave, 6) such that the boundary condition for the ordinary electromagnetic field parallel to the plane,
is fulfilled. For our purposes the most important question is now the relation between the velocity of the incoming dark matter particle and that of the emitted electromagnetic wave. This can be obtained as follows. To fulfil the relation (2.7) everywhere on the surface requires for the momentum k 1 of the outgoing photon wave
This result can also be easily understood from momentum conservation. Since the system has translational invariance in the plane, momentum in these directions must be conserved. The remaining component of k 1 can be determined by energy conservation,
With this we can obtain the outgoing wave vector,
where n is the normal vector of the reflecting surface. Using these equations we can derive a simple law for the relation between the angles of the incoming hidden photon and the outgoing proper photon wave (cf. also Fig. 1 ),
where
For completeness we note that the emitted photon power dP per area dA is given by
where α denotes the angle between the hidden photon polarization and the surface element and the average is taken over the dark matter distribution 3 . Figure 1 : Definition of the angles for the incoming dark matter particle and the outgoing photon wave (figure from [8] ).
Spherical mirror
For v = 0 Eq. (2.11) yields perpendicular emission from the surface. A spherical mirror will therefore concentrate the whole signal in the centre of the sphere [4] . However, in our galaxy dark matter is not entirely at rest, but one expects that it moves with a velocity of the order of the virial velocity,
In this case the relation Eq. (2.11) is not trivial anymore and the rays will be spread over some area of size ∼ vR, where R is the curvature radius. As discussed in [7] this can be used for directional detection if one uses a finite area detector with spatial resolution.
Emission from a single surface element
Let us start with a simple consideration in two dimensions as shown in Fig. 2 . The main quantity of interest is the displacement ∆x of the detected photon from the centre of the sphere. From the geometry shown in Fig. 2 one reads off
One can now insert Eq. (2.11) to obtain a relation between the direction and velocity of the incoming dark matter particle and the displacement on the detector. For a mirror with small diameter ϑ sp 1 for all points on the mirror, neglecting ϑ sp and using the first order approximation in v one quickly obtains
which agrees with the result of [7] . Let us now go two steps further in the approximation. We keep ϑ sp completely arbitrary but expand to second order in v. We then have
Figure 2: Definition of angles and geometrical consideration for the displacement of the photon impact on the detector in two dimensions. θ is the angle between the incoming hidden photon wave and the main axis of the mirror (the case shown is θ = 90 • ). ϑ sp characterizes the location on the sphere where the hidden photon is converted. ∆x is the displacement of the impact on the detector from the centre of the sphere. Figure from [8] .
The first line is the leading order result. Importantly, for ϑ sp = 0 there is a correction, given in the second line, that appears already at leading order in v. The third line then gives the corrections of order v 2 . Let us now discuss the relevance of the various terms. The terms in the first two lines are both of the same order in v. Barring extreme angles the size of the correction given in the second line is determined by tan(ϑ sp ). Let us estimate this for a mirror of the size of the one used in the FUNK experiment [6] . With an are of 13 m 2 and a curvature radius of 3.4 m, and using the simplifying assumption of a simple spherical cap geometry, one finds a maximal ϑ sp,max = 0.6 and a corresponding tan(ϑ sp,max ) ∼ 0.7 FUNK geometry. (3.5) Therefore the correction in the second line can not be neglected. Let us now turn to the corrections of order ∼ v 2 . Compared to the leading term and the corrections in the second line those terms are suppressed by a factor of v ∼ 10 −3 . For small angles ϑ sp they are therefore completely negligible. For large ϑ sp such that tan(ϑ sp ) > 1 they are at worst enhanced by another factor of tan(ϑ sp ). Unless 4 ϑ sp = π/2 − O(v), i.e. the mirror is essentially a complete half sphere, these corrections are very small over the entire area of the mirror and can be neglected. Even if the mirror is a full half sphere, the corrections are still small, because the area which feature a sufficiently high ϑ sp is only the very rim of the half sphere and quite small (we have also checked this numerically [8] ).
These results straightforwardly generalize to a full three dimensional situation. Using the rotational symmetry of the problem about the z-axis we can, without loss of generality, assume that the incident particles have non-vanishing velocity only in the y-and z-direction. The impact of the photons from the conversion then occurs at
where φ sp denotes the azimuthal angle of the emitting surface element. The O(v 2 ) corrections are negligible.
In summary, for the expected dark matter velocities of the order of v ∼ 10 −3 corrections of the order ∼ v 2 are negligible for reasonable geometries. However, corrections from the non-vanishing angular extent of the mirror given by the second part on the right hand side of Eq. (3.6) can be quite significant for realistic mirror geometries such as used in the FUNK experiment.
Signal integration over the mirror area
So far we have considered only the signal from a single point of the mirror at a location specified by (ϑ sp , φ sp ). In order to obtain the signal of the full mirror we have to integrate over its whole area.
For simplicity we still consider dark matter incoming with a velocity v at a fixed incident angle θ. Moreover, we consider a spherical cap mirror with opening angle ϑ sp,max . The expected intensity distribution on the detector is then given by integrating over all the surface elements,
where N denotes a suitable normalization. Inserting Eq. (3.6) this can be evaluated to
Resolution
Looking at the distribution Eq. (3.8) we find that the maximum intensity occurs at the location,
that is expected from the lowest order approximation in the opening angle of the mirror ϑ sp,max 1. However, for finite opening angles ϑ sp,max we now have a distribution over a finite area of the detector instead of a δ-function like peak. To quantify this area we can consider the detector region where the intensity is greater than half the maximal intensity.
Looking at Eq. (3.8) we find that the intensity only depends on the distance squared from the maximum of the distribution,
If the opening angle ϑ sp,max is large ϑ sp,max ∼ π/2 we only need to consider the first line of Eq. (3.8). Half intensity is reached, when
Accordingly the spread is roughly of the same size as the displacement of the peak from the centre ∆y = R sin(θ)v. Indeed if we take ∆ as the uncertainty with which we can measure the location of the peak this corresponds to an uncertainty in the velocity parallel to the mirror plane ∆v , relative to the total velocity v,
Velocity resolution is therefore strictly limited. Note, that the width depends on cos(θ), i.e. the velocity component perpendicular to the surface. On the positive side, the spread is also not much larger than a typical displacement. For a discovery experiment, that does not aim for precise directional resolution, one can use a mirror with large opening angle without the need to significantly increase the detector size (see below for details).
Let us now restrict the opening angle of the mirror ϑ sp,max and discuss its effect on the resolution. From Eq. (3.8) we can see that for ϑ 0 = ϑ sp,max the intensity drops to zero. This occurs when ∆ = R tan(ϑ sp,max ) cos(θ)v. (3.14)
All photons are contained within this radius of the peak. Using this the relative velocity uncertainty is therefore 
Implications for discovery experiments
Let us also look at the possible implications for discovery experiments that do not aim for directional resolution. The effect of non-ideal imaging for those experiment is that the photons are spread over a wider area. For the necessarily finite detectors this may lead to a loss of photons.
Our above considerations can be used to determine the conservative detector area that catches essentially all the emitted photons, taking into account the non-ideal imaging properties of a spherical mirror. If the maximal dark matter velocity with respect to the setup is given by v max , a detector of size r det = (1 + tan(ϑ sp,max ))Rv max (3.17)
is sufficient. For our example of the FUNK detector the non-ideal imaging suggests to increase the detector radius by about 70%. However, this is overly conservative since a significant fraction of the photons will actually arrive at a point closer to the centre of the detector than suggested by ideal imaging. Moreover, for more or less isotropic velocity distributions and detectors that cover a sizeable part of the velocity distribution, the typical dark matter particles impacting at the boundaries of the detector will have a relatively small velocity perpendicular to the mirror plane (since they have near maximal velocity in the parallel directions). As we can see from Eq. (3.15) the spread depends on the perpendicular velocity (∼ v cos(θ))and is therefore smaller at those boundaries.
As an explicit example we plot in the left panel of Fig. 3 the radial intensity distributions for an example dark matter velocity distribution,
We show ideal imaging in green, a mirror with tan(ϑ sp,max ) = 0.7 in yellow and the full half sphere in red. The right panel shows the fraction of the total flux that is contained within a radius x. We can see that, for the chosen velocity distribution, the difference in the fraction of the total flux for ideal imaging and a real mirror like the one employed in FUNK is not dramatic. For reasonable radii of the detector ∼ Rv max , typically about 90% of the ideal flux are captured, even when non-ideal imaging is included. Nevertheless, we note that this is specific for the given dark matter distribution. For a proper determination of the sensitivity the non-ideal imaging will have to be taken into account and different dark matter distributions will have to be studied. In Fig. 3 we show the fraction of all the photons produced by the mirror that impact on the detector. However, for a discovery experiment what truly counts is the total flux impacting on the detector. As we increase the opening angle, keeping curvature radius and detector size fixed, the total area increases and additional photons will reach the detector. We show this in Fig. 4 , where we plot the photon flux for our example distribution as a function of opening angle and for different detector sizes. If one does not aim for directional detection the flux is always maximal for maximal opening angle.
To increase the photon flux impacting a detector of a given size r det it makes sense to optimize the curvature radius. This is shown in Fig. 5 . In the left panel we show the result for a dark matter distribution as in Eq. are assumed to have the same velocity |v| = v max but all directions being equally probable.
Comparing the two we see that increasing the size of the conversion surface is not always beneficial. This is because a larger radius of curvature leads to larger shifts of the photons away from the centre. Therefore, for a fixed detector size r det , only photons with |v | r det /R will register on the detector, photons with larger velocities will be lost. For a dark matter distribution where most particles have velocities smaller than v max we think that a curvature radius of R ∼ r det /v max seems a reasonable choice. Beyond this value the gain is limited and the increase could even be detrimental.
Improved directional resolution with a parabolic mirror
Recently a new setup that uses a parabolic mirror and a plane instead of a single spherical mirror has been suggested [13, 14] 5 . The setup is sketched in Fig. 6 . Similarly one could also imagine a setup using a reflecting plane and a focussing lens [14] . This setup has been devised to employ widely available parabolic mirrors. However, it also provides improved imaging properties for directional detection.
The main advantage is that the photons emitted from the plane form a plane wave at an angle that is solely determined by the velocity parallel to the plane. At order ∼ v the velocity perpendicular to the plane plays no role. Indeed the first correction only appears at order v 3 as can be seen from Eq. (2.11),
where α is the angle of the incident dark matter particles and β the angle of the outgoing wave, as shown in Fig. 1 . The problem of measuring the velocity of the dark matter parallel to the plane, v therefore reduces to that of imaging very distant objects. This is exactly what a telescope does. Therefore one can apply standard telescope technology which is very well developed and therefore provides a huge advantage. In practice we need a telescope with an angular field of view determined by the maximal velocity of the dark matter particles ∼ v max ∼ 10 −3 .
The simplest suitable telescope is simply a parabolic mirror with a detector in the focus point 6 . Of course this also has non-ideal imaging properties. While rays parallel to the axis are perfectly focussed on a point, those rays coming in at an angle suffer from an aberration called coma. Without going into details let us note that for not too large D the coma has a size (see, e.g. [16] )
where β is the angle with respect to the mirror axis, f is the focal length and D is the diameter of the parabolic mirror. Taking the size of the coma to be the uncertainty in the determination of the velocity we have
Let us take a parabolic mirror with an area and focal length of the same size as the FUNK mirror, f = R/2 = 1.7 m and A = 13 m 2 . For this setup we find
Already at first glance this looks like an improvement compared to the spherical setup. Beyond the numerical advantage by a factor of ∼ 2 when naively comparing to Eq. (3.15) there is a perhaps more important advantage. The uncertainty in the parallel velocity only depends on the parallel velocity itself, the perpendicular velocity of the dark matter particles plays no role. It is a purely geometric effect of the imaging system. In contrast, the smearing in Eq. (3.15) is determined by the perpendicular velocity of the incoming dark matter particles. The purely geometric aberration in the plane-parabolic setup is much easier to correct (and techniques can be directly borrowed from astronomy), as it does not depend on the unknown perpendicular velocity of the dark matter particles.
Conclusions
Reflecting surfaces can convert WISPy dark matter particles such as hidden photons or axionlike particles into photons which can then be detected. This technique has discovery potential and first experiments are already underway [5, 6] . The emission angle of the photon depends on the velocity of the dark matter particles, opening opportunities for directional detection. Yet, this also provides a challenge for discovery experiments since the different emission angles will spread out the photons, requiring a sufficiently large detector area. In this note we have investigated how the spread is affected by the size of the employed mirrors. For spherical mirrors whose size corresponds to sizeable opening angles tan(ϑ sp,max ) ∼ 1, non-ideal imaging effects can not be neglected for discovery experiments in the calculation of the sensitivity and the velocity resolution for the dark matter particles is limited. Directional resolution could of course be improved by reducing the mirror opening angles, but this also leads to a loss of signal strength per detector area. One potential alternative is a setup consisting of a reflecting plane, that is used for the conversion of the dark matter particles, and some focussing optics similar to a telescope. Already the simplest setup with a plane and a parabolic mirror has a reduced photon spread and better directional resolution. Further improvement based on standard techniques to correct for aberrations in telescopes seem very possible.
